Abstract: This paper discusses the robust feedback control for a class of nonlinear polynomial systems with H ∞ robustness performance. The studied systems are described by perturbed polynomial models based on the Kronecker product and the Kronecker power of the state vector. The proposed nonlinear feedback control scheme is developed to provide the practical stability of the closed loop system using the well-known second Lyapunov method with quadratic function. A sufficient condition for robust stabilization and H ∞ control performance is given such that ultimately bounds on the controlled system trajectories are ensured and at the same time the effect of external disturbance on control performance is attenuated to a minimum level. The developed control approach is formulated as a minimization problem and derived in the form of Linear Matrix Inequalities (LMIs). To asses the performances of the proposed control method through numerical simulations, a power electrical application is chosen to provide the effectiveness of the proposed methodology.
INTRODUCTION
The main target of nonlinear control is to internally stabilize the nonlinear plant while minimizing the effect of disturbances such as measurement noise, input disturbances and other exogenous signals, which occur in most applications due to plant interactions with the environnement. However, the control design of nonlinear systems is a difficult task, and in practical control systems, the plants are always strongly nonlinear. Thus, in deep contrast with linear control methods, which are flexible, there are few methods in nonlinear control, which can handle real engineering problems with similar comfort. In this way, robust control system design based on H ∞ control problem for nonlinear systems is a popular research area in the last decade. The H ∞ control is proposed to reduce the effect of the disturbance input on the regulated output to within a prescribed level, see for instance, Isidori and Astolfi [1992] , Doyle et al. [1997] . There are many approaches in dealing with the H ∞ control problem presented in literature. Later in 90's, Van der Schaft [1992] proposed a strategy which reported an elegant approach to solve state feedback H ∞ control problem using differential geometric theory. In this direction, Isidori and Astolfi have proposed a game theoretic framework to handle the standard H ∞ control problem in the case of measured feedback and showed that its solution requires positive definite solutions of a pair of coupled Hamilton-Jacobi equations (HJE) (see, for example, Isidori and Astolfi [1992] , Kang et al. [1992] ). In , based on this framework, a separation principle has been derived under a detectability hypothesis depending on input variables. These results mainly provide 1 † Corresponding author. Tel.: 0021698955835; fax: 0021671748843 sufficient conditions for the solvability, where necessity results were offered in the research work of Walker et al. [1993] and also in . All these above mentioned results in H ∞ field involve solving Hamilton-Jacobi Issacs equations (HJEs) or inequalities (HJIs), which imposes a difficulty in the resolution. In Lu [1995] , Lu and Doyle examined the convexity of the nonlinear H ∞ control problem and characterized the solutions with nonlinear matrix inequalities (NLMIs) instead of HJEs or HJIs. All results mentioned above assume that the model is perfectly known (without uncertainties). The uncertain nonlinear systems are investigated more recently (see, for example, Coutinho et al. [2002] , Fu et al. [2006] ), but under some hypotheses and only sufficient conditions for the existence of the robust H ∞ controller have been obtained in, e.g., Zong et al. [2008] , Chung et al. [2008] , Chen and Zheng [2009] . Motivated by the discussion above, in this paper we focus on robust H ∞ control problem for a class of nonlinear systems using LMI approach. The main keys of this work are the description of the nonlinear studied systems by polynomial state equations (for more details, we refer the reader to Belhaouane et al. [2008] , Belhaouane and Benhadj Braiek [2011] ) and the use of the Kronecker product and the Kronecker power state formulation which allow easy algebraic manipulations presented in Brewer [1978] . The essential contribution of this paper is twofold:
(i ) Robust design of perturbed polynomial systems is dealt via a nonlinear polynomial feedback controller to ensure the robust practical stability of the global studied system. (ii ) The H ∞ attenuation of the effect of the external disturbance on the control performance is guaranteed.
LMI optimization approach is used to design the reliable H ∞ control for perturbed polynomial systems. An additional contribution of this work, is to apply the proposed control method for the design of robust feedback TurbineGovernor control of single machine power system. The rest of the paper is organized as follows: the studied systems description is given in section 2. In section 3, the robust H ∞ stabilization of nonlinear polynomial systems is presented in details. Application of the proposed control method to a power system is discussed in section 4. The paper is concluded with some brief remarks in section 5.
SYSTEM DESCRIPTION
We consider nonlinear polynomial perturbed systems given by the following state space equations:
where X(t) ∈ R n is the state vector and r = 2s−1, s ∈ N * , is the polynomial order (considered odd).
• X
[i] ∈ R n i is the i th Kronecker power of the state vector X,
i are constant matrices which describe the system parameters,
• w(t) is the disturbance vector,
• Y (t) is the output vector,
• B and C are constant known matrices,
• h : R n+1 → R n is the nonlinear perturbations.
We assume that the nonlinear function h(t, X(t)) is uncertain and all we know is that, in the domain of continuity, it satisfies the following quadratic inequality (for simplicity, we use h(t, X) instead of h(t, X(t))):
where σ > 0 is the bounding parameter and H is a constant matrix.
ROBUST H ∞ STABILIZATION OF NONLINEAR POLYNOMIAL SYSTEMS
This section is devoted to the development of a robust stabilization technique based on H ∞ control performance for nonlinear polynomial systems (1), using LMI approach.
State feedback controller structure
The proposed control law has the following polynomial structure:
where K i,i=1,...,r are constant gains matrices. The system (1) provided by the control law (3) can be written as follows:
where:
are the closed-loop system matrices.
Controller synthesis based on H ∞ control theory
We consider the following H ∞ control performance, which represents a modified form of the control performance criterion given in Chen [1999] :
where t f denotes the terminal time of the control, ρ is a prescribed value which denotes the worst case effect of w(t) on X(t), and Q is a positive-definite weighting matrix. The physical meaning of the inequality (6) is that the effect of the disturbance w(t) on the state X(t) must be attenuated below a described level ρ from the viewpoint of energy, no matter what w(t) is, i.e., the L 2 -gain from w(t) to X(t) must be equal to or less than a prescribed value ρ 2 . So, the inequality (6) can be seen as bounded-disturbance and bounded-state but with a prescribed gain ρ. Subsequently, the design aim of the proposed polynomial control system is to specify a nonlinear controller (3) such that both the stability of the polynomial controlled system (4) and the H ∞ control performance in (6) with a prescribed attenuation level ρ are guaranteed. The robustness optimization is then to achieve a minimum ρ 2 in (6) to obtain maximum elimination of the effect of w(t).
H ∞ control performance synthesis via LMI approach
Next, our purpose in this study is to determine a nonlinear controller (3) for the closed loop system (4) with the guaranteed H ∞ control performance (6) for all perturbations w(t) affecting the state vector. Thereafter, the attenuation level ρ can also be minimized so that the H ∞ control performance (6) is reduced as small as possible. Then, let us consider the following quadratic Lyapunov function:
V(X) = X T P X (7) where P is a symmetric positive definite matrix. The derivative of V(X) along the solution of system (4) is:
Using the rule of the vec-function defined in Brewer [1978] , Benhadj Braiek et al. [1995] , the relation (8) can be expressed as follows:
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Using now the mat-function defined in Benhadj Braiek et al. [1995] , and some algebraic manipulations, we get:
and:
with the matrix
(13) Then,V(X) can be written as:
Using the S-procedure method, presented by the Yakubovich Lemma in Boyd et al. [1994] , the inequality (14) with the constraint (2), is equivalent to the existence of a matrix P and a scalar ε ≥ 0 such that:
Using the following equalities: X = ΛX ; P Λ = ΛP (16) with:
we obtain:
Thus, a sufficient condition for the quadratic stability of the closed-loop system (4) is given by the following inequality:
Then, we get the following theorem: Theorem 1. For the polynomial closed-loop system (4), if there exist a matrix P = P T > 0, positive constants ε, η and ρ, such that the following matrix inequality is verified:
Then, the whole polynomial controlled system (4) is practically stable (Ultimately Bounded, i.e, the trajectories of the closed-loop system are bounded with an arbitrary bound) by the nonlinear polynomial controller (3) and the H ∞ control performance (6) is guaranteed with an attenuation level ρ. Furthermore, the equilibrium of the closed-loop system (4) is globally asymptotically stable in the absence of perturbations.
Proof. In order to ensure the quadratic stability of the studied system (4) and garanties the H ∞ control performance with a prescribed attenuation level ρ, the following inequality is verified:
The external perturbation w(t) is bounded, and an upper bound w ub of its norm is known, i.e,
With this assumption, one has:
where β = λ min (Q) is the minimal eigenvalue of Q. Whenever X(t) > ρw ub √ β , the derivative of the Lyapunov function is negative. According to a standard Lyapunov extension defined in LaSalle [1960] , this demonstrates that the trajectories of the closed-loop system are ultimately bounded. Thus, when we consider the initial condition, the H ∞ control performance (6) can be expressed as:
Then, the H ∞ control performance is reduced as much as possible if the attenuation level ρ is minimized. The development of the inequality (23), according to the polynomial state representation (4) and quadratic Lyapunov function, gives:
From the inequality (18), the H ∞ control performance (6) can be written as:
which yields the following inequality: Then, with (19) , it comes out the inequality (23). Therefore, the considered polynomial system (4) is stable within the Lyapunov theory and the H ∞ control performance is guaranteed for a prescribed attenuation level ρ. This completes the proof. Corollary 2. In the case where w(t) = 0, from (20) we haveV(X) ≤ −X T (t)QX(t) < 0. So, if the polynomial controller (3) is employed in the closed-loop nonlinear system (4) and there exist a positive definite matrix P = P T > 0 and positive constants ε, η and ρ, such that the matrix inequality (19) is satisfied, then the closed-loop system is asymptotically stable.
Note that, the inequality(19) is a N-LMI (Non-Linear Matrix inequality) on the optimization variables such as the Lyapunov matrix P and the control gains K i . In the sequel, our aim is to reformulate the above control problem defined by Theorem 1 into linear matrix inequality optimization problem using some manipulations and lemmas presented in the beginning of this section. Then, to obtain a better robust control performance, the H ∞ control problem presented by Theorem 1 can be developed as the following minimization problem so that the H ∞ control performance (6) is reduced as small as possible. Then, we get the following result: Theorem 3. The polynomial closed-loop system (4)- (5) is robustly stable by the nonlinear polynomial controller (3) and the H ∞ control performance (6) is guaranteed with an attenuation level ρ, if there exist a matrix P = P T , positive constants ε, η and ρ, such that the following optimization problem is feasible: minimize ρ 2 + η subject to the following LMIs: P = P T > 0, and
Proof. According to Theorem 1, it should be noted that inequality (19) is a non-strict LMI since ε ≥ 0. It is well-known in Boyd et al. [1994] , that the minimization result under non-strict LMI constraints is equivalent to that under strict LMI constraints. Thus we can substitute ε ≥ 0 by ε > 0, so withσ = εσ 2 , one obtains:
It can be shown that (see Belhaouane et al. [2008] ):
..,2s−1 ) have the general form (13). Then the inequality (26) can be expressed as:
By a bijective change of variables followed by a prepost multiplication of the inequality (29) by Ξ = diag(N I I) with N = P −1 and W = M k .N , we get:
with
. Applying now the Schur complement given in Boyd et al. [1994] , we get the LMI (25), which ends the proof.
APPLICATION TO ELECTRICAL POWER SYSTEMS
This section provides the design of a robust H ∞ controller of a Turbine-Governor power system (see figure  1) , whose duty is to drive a sample power system with single machine, that contains a synchronous generator connected to a larger network via a step-up transformer and transmission line. The generator is equipped with two control-loops, namely, the speed/power (governor) and voltage (exciter). In this work, we are just interested by the The parameters of the power process are given by the following list of symbols: δ : rotor angle for machine, in radian; ω : relative speed for machine, in radian/s; P m : mechanical power for machine, in pu; P c : power control input of machine, in pu; X e : steam valve opening for machine, in pu; H : inertia constant for machine, in second; D : damping coefficient for machine, in pu; T m : time constant of machine's turbine, in second; T e : time constant of machine's speed governor, in second;
K m : gain of machine turbine; R : regulation constant of machine, in pu; E : internal transient voltage for machine, in pu; B : nodal susceptance for machine, in pu; ω 0 : the synchronous machine speed, in radian/s; δ 0 , P m0 and X e0 are the initial values of δ(t), P m (t) and X e (t) respectively.
Mathematical model of Turbine-Governor power system
The power system's dynamical model is given by the following state space equations, see e.g., Belhaouane et al. [2009] :χ (t) = Aχ(t) + Bu + h(χ(t)) (31) where:
T and ∆ represents some deviation around the operating point.
T with g(χ(t)) = sinδ(t) − sinδ 0 represents the nonlinearity of system (31).
Polynomial model approximation
In order to obtain a nonlinear polynomial model of the turbine and governor system (31), we develop the nonlinear term h(t, χ) in the third order Taylor series expansions. Thus, a polynomial description of the power system is given as:
For the others values: F 3 (i, j) = 0 ∀ i, j : (i = 1, ...4; j = 1, ...64) and
According a third nonlinear polynomial controller defined by:
(35) the closed loop system is expressed by:
Simulations results and discussions
The parameters values of the power system are summarized as follows: H(s) = 5.1, D(pu) = 3.0, T m (s) = 0.35, T e (s) = 0.1, R = 0.05, K m = 1.0, K e = 1.0 and ω 0 (rad/s) = 314.159. After trials, the presented simulations are performed with the following tuning: the matrix H = I is arbitrary chosen, the weighting matrix was fixed by choosing Q = 10 −6 .I 4 and the disturbance vector is considered as:
w(t) = [ 0 0 0 15cos(10.t) ] (37) According to the system parameters given previously, the resolution of the LMI minimization problem using classical LMI optimization toolbox in Matlab, leads to the following state feedback H ∞ gain matrices: The steam valve opening variation (∆Xe) Fig. 2 . Closed-loop system response with the proposed H ∞ controller.
As it can be seen from these responses, the robust H ∞ control method is efficient and the proposed design procedure achieves quadratic stability under a large range of persistent perturbations. Moreover, the proposed TurbineGovernor controller can robustly damps power oscillations and greatly enhance stability in the presence of disturbance which improves control performances of the studied power system. Indeed, the reliable H ∞ control design allows to ensure the robust practical stability of closed loop power system and to guarantee the H ∞ performances despite the presence of external disturbances. Also, the proposed nonlinear polynomial control provides satisfactory performances over a wide range of agressive perturbations.
CONCLUSION
In this paper, we have investigated the problem of robust H ∞ control for a class of nonlinear polynomial systems. By the use of Lyapunov direct method, we have presented a systematic design procedure to compute a polynomial state feedback controller that ensures an ultimately bound for the closed loop system states. Furthermore, an LMI optimisation problem is proposed to compute a reliable robust H ∞ state feedback controller with a nonlinear control law. Indeed, these results confirmed that the domain of validity of nonlinear controllers is greater than that of linearized counter part. At last, a design example has illustrated the efficiently of the proposed approach on the turbine-governor control application. Indeed, from the simulation results, it has been shown that the proposed H ∞ stabilization method is efficient and permits a rapid damp of the system oscillations, greatly enhance the transient stability and the maximisation of the nonlinearity domain with good performances.
